A non-barotropic continuum bubbly mixture model is used to study the one-dimensional cavitating ow through a converging-diverging nozzle. The nonlinear dynamics of the cavitation bubbles are modeled by the Rayleigh-Plesset equation. Analytical results show that the bubble bubble interaction through the hydrodynamics of the surrounding liquid has important e ects on this con ned ow eld. One clear interaction e ect is the Bernoulli e ect caused by the growing and collapsing bubbles in the nozzle. It is found that the characteristics of the ow c hange dramatically even when the upstream void fraction is very small. Two di erent ow regimes are found from the steady state solutions and are termed: quasi-steady and quasi-unsteady. The former is characterized by large spatial uctuations downstream of the throat which are induced by the pulsations of the cavitation bubbles. The quasi-unsteady solutions correspond to ashing ow. Bifurcation occurs as the ow transitions from one regime to the other. An analytical expression for the critical bubble size at the bifurcation is obtained. Physical reasons for this quasi-static instability are also discussed.
INTRODUCTION
One-dimensional bubbly liquid ows in ducts and nozzles represent one of the simplest con ned gas-liquid ows. This is an important problem by itself in many engineering applications, but has not, previously, been studied in the context of cavitation bubble bubble interactions. The nozzle ow is also a useful model of any c a vitating ow in which a l o w pressure region causes the ow to accelerate, for example, the cavitating ow on the suction surface of a hydrofoil. Therefore, study of the one-dimensional accelerating ow with bubble cavitation e ects may have value in building up fully nonlinear solutions for practical three-dimensional ows. In some ows it is possible to establish a barotropic relation, p = f , which assumes that the mixture pressure is the function of mixture density only. This implies that all e ects caused by bubble content are disregarded except for the compressibility and that the mixture can be regarded e ectively as a single-phase compressible uid. Tangren et. al. 1949 rst addressed the barotropic nozzle ow o f a t w ophase mixture. A summary of this subject can be found, for example, in Brennen 1995. In many practical ows, however, the barotropic criterion is not met. In the present context, the dynamic e ects of the ow acceleration cause the bubbles to cavitate and then the ow deceleration makes them collapse. Under these circumstances, the mixture is not barotropic and, as we shall see, the growth and collapse of cavitating bubbles can dramatically change or destabilize the ow. The ow model used here is a nonlinear continuum bubbly mixture model coupled with the Rayleigh-Plesset equation for the bubble dynamics. This model was rst proposed by v an Wijngaarden 1968 Wijngaarden , 1972 and has been used for studying steady and transient shock w a v e propagation in bubbly liquids without the acceleration of the mean ow see, for example, Noordzij and Wijngaarden 1974; Kameda and Matsumoto 1995. Only a few papers have addressed problems with owing bubbly liquids. Ishii et. al. 1993 proposed a bubbly ow model and used it to study steady ows through a converging-diverging nozzle. However, by assuming that the gas pressure inside the bubbles is equal to the ambient uid pressure, they neglected the bubble radial dynamics as represented by the Rayleigh-Plesset equation which are dominant mechanisms in a cavitating ow. where D=Dt=@ = @ t+u@=@x is the Lagrangian derivative, is the cavitation number, W e is the Weber number, and Re is the Reynolds number. The partial pressure of noncondensable gas it is assumed the mass of gas inside each bubble is constant does not appear explicitly in 3 because the upstream equilibrium condition has been employed to eliminate this quantity. It has also been assumed that the non-condensable gas inside the bubbles behaves polytropically with an index k. If k = 1, a constant bubble temperature is implied and k = , the ratio of speci c heats of the gas, would model adiabatic behavior. These results helped to identify the propagation modes and the dispersion characteristics of the acoustic waves in a owing bubbly liquid. However, if the ow is accelerating, simple linearization of the equations of motion is impossible since the mean ow quantities are changing rapidly with both space and time. Analyses of the dynamics of this model then become signi cantly more complicated and new phenomena may be manifest due to the coupling of ow acceleration and bubble dynamics. 
STEADY S T A TE SOLUTIONS
The initial or upstream conditions are given by:
We c hoose to examine a simple nozzle, Ax, such that This pro le will produce a simple sinusoidal pressure distribution in the case of incompressible ow with the minimum pressure coe cient, C P M I N , located at the nozzle throat.
The value of ,C P M I N relative to the cavitation number, , represents the intensity of tension in the ow. If ,C P M I N is greater than the cavitation number, , the minimum mixture pressure experienced by the individual bubbles will be lower than vapor pressure and the bubbles will cavitate.
RESULTS AND DISCUSSION
A fourth order Runge-Kutta scheme was used to integrate equations 5 and 6. The following ow conditions were chosen to illustrate the computational results. Figure 2 illustrates the mixture velocity. The case of s = 0 corresponds to the incompressible pure liquid ow. It is notable that even for an upstream void fraction as small as 210 , 6 , the characteristics of the ow are radically changed from the case without bubbles. Radial pulsation of bubbles results in the downstream uctuations of the ow. The amplitude of the velocity uctuation is 10 of that of the incompressible ow in this case. As s increases further, the amplitude as well as the wavelength of the uctuations increase. However, the velocity does eventually return to the upstream value. In other words, the ow is still quasistatically stable." However, as s increases to a critical value, b about 2:862 10 ,6 in the present calculation, a bifurcation occurs. The velocity increases dramatically and the ow becomes quasi-statically unstable." The physical picture of this instability is quite simple: Growth of the cavitation bubbles increases the mixture velocity according to the mass conservation of the ow. The increase of the velocity then causes the mixture pressure to decrease due to the Bernoulli e ect. The decrease of the pressure is fed back to the Rayleigh-Plesset dynamics and results in more bubble growth. The corresponding variations in the mixture pressure coe cient are shown in gure 3. In addition to the two different o w regimes, another important feature in the quasistatically stable ow is the typical frequency associated with the downstream periodicity. This ringing" will result in acoustic radiation at frequencies corresponding to this wavelength. How this ring frequency relates to the upstream ow condition remains to be studied. Furthermore, it should be noticed that there is a pressure loss downstream; the mixture pressure does not return to the upstream value except in the case of the pure liquid ow. The only damping mechanism in the present model is due to the liquid viscosity a t the interface of the phases. Since the viscosity o f w all and slip motion between bubbles and liquid are all neglected, the pressure loss is caused by the radial motion of bubbles and represents the cavitation loss." Figure 4 illustrates the void fraction distribution in the ow. When the ow becomes quasi-statically unstable, the bubble void fraction, x, quickly approaches unity. This means that the ow is ashing to vapor. Moreover we should emphasize that when becomes large, our model equations, which are limited to ows with small void fraction for the limitation of void fraction in the present model, Finally we should note that some unsteady e ects may have important consequences on the ow instability, for example, the ratio of the duration of the tension applied to the ow L =u s to the natural period of bubble oscillation p L R s =3kp s . In Wang 1996, it was shown that the nonlinear bubble dynamics cause substantial computational di culties in solving the unsteady equations 1, 2 and 3. This generic problem must be solved before the unsteady characteristics can be explored.
